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Velocity Effects in Transverse Mode Liquid Propellant

Rocket Combustion Instability
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Princeton Unwersity, Princeton, N. J.

Analytical and experimental studies have confirmed the application of the pressure-
sensitive combustion time lag to transverse as well as longitudinal modes of high-frequency
combustion instability in liquid propellant rocket engines. However, a recent series of tests
at Princeton University has demonstrated that an additional combustion rate sensitivity
must be considered in the transverse mode case. In the present paper, an extension of the
theory of transverse mode combustion instability, which includes linearized velocity effects,
is described. Fluctuations of the radial and tangential velocity components are assumed
to influence the combustion process rates in a manner analogous to that previously pro-
posed by Crocco for pressure perturbations. A physical mechanism is suggested in the en-
hancement of the reactant mixing, which can be affected by the transverse components of the
gas velocity. The analysis predicts that the tangential velocity perturbation may have a
strong destabilizing effect on spinning tangential modes but will have no effect on standing
modes. The radial velocity fluctuation is shown to have a smaller but significant influence.
Experimental verification of the predicted effects has been obtained for a fuel-on-oxidizer im-
pinging doublet injector pattern and for like-on-like injection using close spacing (0.1 in.) of
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the liquid spray fans.

I. Imtroduction

IGH-FREQUENCY combustion instability remains
one of the most critical problems in the development
of liquid propellant rocket engines. This phenomenon con-
sists of a forced oscillation of the combustion chamber gases
driven by the combustion process interacting with the
resonance effects of the chamber geometry. The resulting
oscillation patterns are very similar to those of the acoustic
modes of the chamber. For a cylindrical chamber closed
at both ends, one can distinguish between longitudinal and
transverse acoustic modes. In a longitudinal mode, the
property variations occur in the axial direction, whereas con-
ditions are uniform on a section normal to the axis. Purely
transverse modes involve uniformity of the properties along
the axis but variations in the radial and ecircumferential
directions. The transverse modes can be further classified
into tangential, radial, and combined tangential-radial
modes.! It has been observed that the frequencies of fully
developed transverse mode combustion oscillations fall within
a few percent of the acoustic frequencies of the corresponding
modes. Each tangential mode can exist in two forms: the
standing form, in which the nodal surfaces are stationary,
and the spinning form, in which the nodal surfaces rotate at
the angular frequency of the oscillation. The two forms of
the first tangential mode are illustrated in Fig. 1, which
shows, schematically, pressure and velocity patterns at
four instants during a period of oscillation.
Analytical and experimental studies'™* have confirmed
the application of the pressure-sensitive combustion time
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lag concept to transverse as well as longitudinal modes of
high-frequency instability. However, a recent series of tests
at Princeton University has demonstrated that an additional
combustion-rate sensitivity must be considered in the trans-
verse mode case.® These tests used a simple fuel-on-oxidizer
impinging doublet injector, with 12 injection points equally
spaced about the circumference of a single circle. Each
doublet pair was contained in a single “spud,” which could
be oriented in either of two ways, 90° apart (see Fig. 2). In
the “radial” orientation, each spud was arranged so that the
line of centers of the injector orifices lay along aradius. With
the spud in the ‘“‘tangential’”’ orientation, the line of centers
was tangential to the injection circle. Typical test results
are shown in Fig. 3 in which the test points are plotted on the
chamber pressure, mixture ratio plane, with the nature of
the oscillation shown by the shading of the point. All tests
with the tangential orientation were unstable in the first
tangential mode. However, quite different results were ob-
tained with the radial orientation. In general, the latter
were more stable; some thrust chamber configurations gave
complete stability for all operating conditions. Such effects
have been reported previously by other investigators.® 7 It
is generally agreed that the explanation for injection spray
orientation effects should be based on the sensitivity of the

Time Standing form Spinning form

-1 pari
Ly Period

124 Period

1= % Period

P
\DISIOLS

QOO0

Fig.1 Standing and spinning forms of the first tangential
modes.
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Liquid propellant combustion process to fluctuations of the
transverse gas velocity or displacement components.

The analysis that follows is based on the consideration of
the stability of small perturbations. Each of the quantities
describing the flow in the rocket motor is assumed to oscillate
about a given steady-state value. For certain operating
conditions, the oscillation amplitudes will increase with time,
even for arbitrarily small initial amplitudes. Since random
fluctuations of small but finite amplitude (generally referred
to as ‘“combustion noise”) are always present in a rocket
motor, such unstable operating conditions must be avoided.
The approach that will be used in the determination of the
stability of a rocket combustion system is the following.
Conditions will be established for the existence of neutral
oscillations, the amplitudes of which neither increase nor
decrease with time. The assemblage of the operating points
of the system which satisfy the conditions for neutral oscilla~
tion form the “stability limits” that divide the unstable from
the stable regions of operation. The complete stability be-
havior of the rocket is described by specifying the stability
limits and indicating the unstable regions.

The rocket motor to be considered consists of a circular
cylindrical combustion chamber of length L. and radius r.,
followed by a converging-diverging expansion nozzle. The
walls are assumed to be rigid, impervious, and perfectly in-
sulating. The medium within the chamber consists of gase-
ous products of combustion in which are distributed burning
droplets of the liquid propellants. The volume oceupied by
the liquid is taken to be negligibly small. In this two-phase
flow, the burning droplets act as distributed sources of mass,
momentum, and energy. It is assumed that combustion is
completed within the combustion chamber and that the gas
velocity in the chamber is so small that the square of the
Mach number is negligible compared to unity. Thus, in this
ideal rocket motor, the flow is divided into two parts, a low-
speed combustion process and an expansion to supersonic
velocity without combustion.
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Fig. 3 Effect of spud orientation observed in transverse
instability tests using a 9-in.-diam combustion chamber
and an 8-in. injection circle diameter.
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It is convenient to carry out the analysis in terms of the
following dimensionless variables:

Pressure

p = p*/po*
Density

p = p*/p*
Temperature

T = T*/Ty*
Enthalpy

h = (v — Dh*/yR*To* = h*/c,*To*
Entropy
= 1/c*
Velocity 1
V = V¥/g*
Mass Burning Rate per Unit Volume
Q = Q*n./me*
Time
t = t¥ep*/r.*
Axial Distance
z = 2*/r*

Radial Distance

o= r¥/r*

where ¢* is the vel city of sound, ¢,* is the constant pressure
specific heat, v = ¢,*/c,* is the ratio of specific heats, and
R* is the gas constant. The subscript 0 denotes values at
the injector face (z = 0), an asterisk indicates a dimensional
quantity, vectors are indicated by boldface type, and barred
quantities correspond to steady state. Droplet properties
will be denoted by the subscript L. According to the pre-
ceding definitions, p.* is not the actual droplet density but
rather the total mass of droplets per unit volume of gas.
Since the steady-state gas velocity must vanish at the in-
jector face, Po*, po*, To*, and G* are stagnation quantities.
Each quantity is written as the sum of a steady-state part
and a time-varying perturbation. Thus, the pressure is
expressed as
p =17+ ple @
where § is the steady-state pressure and p’ is the complex,
space dependent perturbation amplitude. (For simplicity,
in the analysis below, the term ‘“pressure perturbation” will
be understood to mean p’ only.) In the time-dependent
factor e, s = N\ + {w in which the real part A is the amplifi-
cation factor, and the imaginary part w is the frequency
of oscillation.§ The condition A = 0 corresponds to neutral
oscillation at a stability limit, whereas A < 0, A > 0 represent
stability and instability, respectively. As already men-
tioned, the analysis will be directed toward the determina-
tion of the conditions that prevail when N = Oor s = w. It
is agsumed, as usual, that the perturbations are so small that
the squares and products of perturbations can be neglected
in comparison to the steady-state values. This procedure
leads to a set of 10 simultaneous, linear, partial differential
equations for the perturbations of pressure, velocity, ete.,
which are detailed in Ref. 5.

II. Velocity- or Displacement-Sensitive Burning
Rate

The system of perturbation equations is not complete
without an expression for the burning-rate perturbation Q’.

§ In the complex representation of oscillation quantities used
in this analysis, the actual physical value of a quantity is given
by the real part of the corresponding complex expression.
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The relation for @’ derived by Crocco? and later used by
Scala® made use of the concept of the combustion time lag.
That is, the gradual evolution of combustion produets from
an element of propellant mixture traveling through the com-
bustion chamber after injection was approximated by a dis-
continuous conversion from reactants to products after a
certain time called the time lag had elapsed. By this ap-
proximation, the impossible task of deseribing the combustion
process through the quantitative knowledge of its inter-
mediate history was greatly simplified. It was recognized
that, if the combustion chamber conditions fluctuate, the
time lag must also vary. An additional approximation was
introduced to simplify the description of the effect of the
chamber conditions on the time lag. The total time lag 7o
was taken as the sum of an insensitive time lag 7;, and a
sensitive time lag 7. The various physical conditions were
assumed to affect the combustion processes only during the
sensitive portion of the total time lag. Thus, during fluctu-
ating operation of the rocket motor, the time variation of the
total combustion time lag is taken up completely by the
sensitive time lag; the insensitive time lag is constant.

In the following analysis, attention will be concentrated
on intrinsic instability, that is, instability occurring when the
injection rate is constant. Then the burning-rate perturba-
tion is related to the rate of change of the time lag by the
expression

Qet = Q — § = —(da/dz)(dr/dt) 3)

where dii/dz = () is the steady-state combustion intensity.
Spatial effects due to the fluctuations of the total time lag
and liquid droplet velocity contribute terms of the same order
of magnitude as @di/de. Although di@/dz may be 0(1)T
locally, the effect of this factor integrated over the entire
chamber is only 0(#.), where %, is the dimensionless velocity
at the nozzle entrance. This result is demonstrated in Ref.
5. The terms introduced by spatial variations are therefore
0(@.2) and have been neglected.

In the original formulation by Crocco, the time lag was
defined by assuming that the transformation to burned gases
takes place only when the processes occurring during the
time lag have accumulated up to a well determined level

E,. This condition was expressed by the equation
f C o))t = B = f L e @)
t_TT t—‘rT

where f is the over-all rate of the various processes involved
in the combustion of the liquid bipropellants, and ¢ is the time
at which the transformation to burned gases occurs. In the
integrals, the rate f must be computed using the instantaneous
values of the physical conditions at each instant ¢’ at the
location x; (representing the spatial variables z, r, 8) where
the element is at that instant. The sensitivity of the rate
f to variations in chamber conditions (correlated to the local
pressure) was expressed by the interaction index n, defined by

_b(of o o
n_}'<bp+bpr+"'>

where the parenthetical expression is evaluated at the steady-
state operating conditions. The assumption was made that
the sensitive portion of the time lag oceurs just before the
conversion to combustion products. Then, during the in-
sensitive time lag, the unsteady process rate is equal to the
steady-state rate

f=1 t—7rr S K= 7 (6)

®)

Since the unsteady pressure is of the form p = p 4 p’est, the
process rate during the sensitive time lag is given by

f=JF1 4 np'est’) t— 7 <<t 0

9 As usual, the symbol O(x) means “of the same order or magni-
tude as z.”’
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Making use of these relations, the burning-rate perturbation
was found to be given by

da {1 Pt -9l

dz n p'[x;(t)] } p’[xl(t)] (8)

Q-

which is of the form
Q' = (da/d2)®p’[z:(8)] 9)

In the derivation of this burning-rate expression, it was
assured that all quantities affecting the combustion process
could be correlated to the local pressure. Although this
assumption can be applied to thermodynamiec-state properties
such as temperature and density, it can not be applied to the
components of the gas velocity, which may be of equal im-
portance in the combustion process. The effects of the ve-
locity perturbations therefore must be taken into account
separately from the effects of those quantities that can be
correlated with the pressure.

Only the transverse (i.e., radial and tangential) components
of the velocity perturbation can be significant in the ex-
planation of the orientation effect deseribed previously. For
purely transverse modes of oscillation, the longitudinal com-
ponent is always much smaller than the transverse com-
ponents. In addition, the longitudinal velocity perturba-
tion vanishes at the injector face and has its smallest magni-
tude in the early combustion region, the zone in which
baffles have been seen to have the greatest influence on
stability.

Of the various intermediate processes occurring during the
combustion of liquid bipropellants, those most sensitive to
velocity are the vaporization of the liquid droplets and the
mixing of the vaporized propellants that must precede
chemical reaction. In the process of vaporization, the im-
portant quantity is the absolute magnitude of the velocity of
the hot gases relative to the liquid droplet. The differences
in the velocity patterns of the standing and spinning forms
of tangential modes of oscillation (which were observed to
have strikingly different stability characteristics) could re-
sult in differences in the local and over-all vaporization rates.
However, since the direction of the relative velocity is im-
material, the orientation effect is not explainable by means
of the vaporization process. In addition, the theoretical
study of Wieber and Mickelsen® indicates that the oscillating
velocity effect on droplet vaporization is essentially nonlinear
because of the dependence of the evaporation rate on the
absolute magnitude of the relative velocity. On the other
hand, for our injector configuration, the mixing of the pro-
pellants by the oscillating velocities may be linearized and
is very strongly dependent on the orientation of the liquid
spray fans (produced by the fuel-on-oxidizer impinging doub-
let injector). Although no detailed description of such a
complex phenomenon is now possible, the following schematic
discussion illustrates one process by which the burning rate
may be caused to oscillate by an oscillating transverse
velocity.

Consider the mixture of gaseous combustion products,
vaporized propellants (oxidizer and fuel), and liquid pro-
pellant droplets at some axial station downstream of an in-
jector doublet. For a fuel-on-oxidizer impinging injector,
liquid mixing is imperfect and some degree of stratification
exists in the mixture.® For concreteness, the area of interest
is shown in Fig. 4a for a doublet spud oriented with the line of
centers of its orifices tangential to the injection circle. Then
the stratification is almost entirely in the tangential direction,
as shown by the lines of constant mass fraction of vaporized
oxidizer in the gas mixture ¥,. The exact shape of the con-
stant Y. contours will be dependent on the design and oper-
ating mixture ratios, the propellant characteristics, ete.
Because of the turbulence in the combustion chamber, the
stratification pattern shown schematically in Fig. 4a repre-
sents only mean conditions.
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Fig. 4 Schematic representation of the fuel- and oxidizer-
rich stratification produced by a doublet spud.

Assume first that the rates of evaporation of the two pro-
pellants are comparable. A typical fuel-rich droplet is shown
at position 4 in the region that is relatively rich in vaporized
fuel. A corresponding oxidizer-rich droplet is shown at B
in the oxidizer-rich region of the mixture. As a droplet
evaporates, the vapors diffuse away and must mix** with
the other vaporized propellant in the proper proportions for
chemical reaction. The over-all burning rate of a fuel-rich
droplet, therefore, will be a function of the amount of oxidizer
vapor near the droplet.

In the presence of small, periodie, transverse gas velocity
oscillations (v’e™!, w’e*?), thefgaseous mixture will be dis-
placed relative to the droplets, causing oscillations of the
local mass fractions of oxidizer and fuel. The motion of the
larger droplets is small compared to the gas motion, whereas
the smaller droplets tend to move with the gas. Therefore,
the discussion here pertains to the larger droplets. As a
droplet evaporates, it tends to be displaced with the gas and
the effect of the transverse velocity on its burning rate de-
creases. 'Thus the velocity effect described here can be ex-
pected to be most important in the early combustion region,
in agreement with experimental results. Since the fuel-rich
droplet is in an oxidant deficient region, an increase in the
oxidizer mass fraction will increase its contribution to the
over-all burning rate. The opposite is true for the oxidizer-
rich droplet; an increase in the local oxidizer fraction is ac-
companied by a decrease in the local fuel fraction. Thus, a
perturbation velocity, or a displacement, in the positive 8
direction (see Fig. 4a) will increase the oxidizer-rich droplet
burning rate and decrease the fuel-rich droplet burning rate.
Therefore, the effects on the two droplets will tend to cancel
where the two propellants have comparable evaporation rates.
Of course, in order to determine the effect of the velocity per-
turbation of the entire spray, all of the propellant droplets
must be considered.

Let us now consider the case when one of the propellants,
e.g., the oxidizer, vaporizes at a greater rate than the other.
In that case, there will be very little fuel vapor in the early
stages where oxidizer droplets are evaporated and practically
no oxidizer droplets left in the latter stages where fuel vapor
is being produced. Therefore, there will be less cancellation

** In a rocket combustion chamber, the transport and mixing
of the vapors is most likely to be carried out primarily by turbu-
lence rather than molecular diffusion.
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of opposing effects, and the over-all velocity effect will be
determined by the burning of the droplets of the fuel in the
surrounding gas containing a nonuniform oxidizer vapor
concentration. Indeed, for the liquid oxygen-ethyl alecohol
combination used in a number of the instability experiments
at Princeton University, it can be estimated, using the spray
evaporation calculations of Priem and Heidmann and the
relative vaporization rate data of Pass and Tischler,!
at any early station, twice as much oxidant as fuel will have
evaporated. Thus, important velocity or displacement
effects can be expected. For other propellant combinations,
the evaporation rates of the fuel and oxidizer could be quite
similar, and hence the velocity mixing effect could be con-
siderably reduced.

If the injector doublet that produces the mixture previously
discussed is rotated through an angle 8; from the tangential
orientation, the resulting mixture will also be rotated and
will appear as shown in Fig. 4b. Therefore, the net com-
bustion process rate perturbation will in general depend on
both the radial and tangential velocity (or displacement) com-
ponents and can be written in the form

I = @ + law')ett (9a)

where I, and Iy are radial and tangential velocity interaction
indices analogous to the pressure interaction index defined
originally by Crocco [Eq. (5)]. Here we have chosen to rep-
resent the burning-rate perturbation in terms of the velocity
components because these are among the dependent variables
appearing in the treatment that follows. This formulation,
however, covers also the case when the relevant parameters
are the components 8,¢’ and 8'¢** of the displacement,
so that Eq. (9a) can be written

I = (mb." + medy’)etet (9b)
with

me, = iwl, me = ’éwle (90)

If the displacement interaction indices m, and my were real
and constant, the corresponding velocity interaction indices
would be imaginary and frequency dependent. In all cases,
the displacement indices present a 90° phase shift with respect
to the velocity indices.

Keeping in mind the relations (9¢), the expression (9a)
for f” can be used in all cases, and from now on we shall speak
only of velocity effects, including, in this expression, also
the effects that should more directly be attributed to the
displacement.

It must be clear that the forementioned linearized expres-
sions will not be valid for all types of injection patterns
and that nonlinear effects will often be present. For ex-
ample, approximately linear effects can be expected with the
fuel-on-oxidizer impinging doublet and for the like-on-like
pattern if the spacing between unlike fans is sufficiently
small. However, for large spacings, nonlinear velocity or
displacement effects should be taken into consideration.

At the present time, the magnitudes of the velocity indices
and their variations with axial distance cannot be calculated
because of the lack of quantitative knowledge of the processes
involved in liquid propellent combustion under turbulent
conditions. From an heuristic point of view, we shall, in this
paper, only consider two particularly simple expressions.
One comes from the assumption that the velocity effects oceur
during the same time interval (the sensitive time lag) as the
pressure effects. Assuming, then, a linear dependence of the
perturbation of the over-all rate of the processes occurring
during the sensitive time lag on the perturbation of pressure
and radial and tangential velocity, Eq. (7) becomes

fit = A + np'et’ + Ly'est’ + lw'est)f, t — 7 < ¢ < £(10)
Then the burning-rate perturbation can be written as
da

Q = dz @, [z: ()] + d_'[t G’ [z:(8)] +
2 dz

da

7z Jw'[z:(®)] (11)
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where dit v, do,
) Apc — s%pc = 3 2= Poy -2 (15¢)
{ p'let — )] _ } dz " r df
®=ndl — T T T2 st
p'[z:(1)] , di
g I[ (t —)] ApD - S2pD =tk (Z)ﬁL(Z) +(’Y + 1) E X
® =1 {1 Y :[x (mT e—s‘r} (122)
‘ sPo¥,,0, (15d)
5 = Ze{l _ Wt = 9] s
w'[z: (1) ] where ¥,,(r) and 6,(6) are the transverse eigenfunctions ob-

In general, 7 = 7(2) varies from one propellant element to
another. The effect on combustion instability of such a
spread in the sensitive time lag has been evaluated by Crocco
and Cheng.? In this analysis, it is assumed that all pro-
pellant elements have equal mean sensitive time lags, so that
7 = const. It must be observed here that this formulation
applies equally to the case when the value of 7 is different for
the pressure and the velocity effects. Consideration is given
to this and other formulations in Ref. 5. It should be noted,
however, that these alternative formulations involve addi-
tional parameters that cannot be calculated a priori and that
would produce quite a problem if they were to be determined
from empirical obstruction. Moreover, the quantitative
consideration of possible interaction mechanisms (to be dis-
cussed in a future paper) gives weight to the hypothesis of
equal sensitive time lags.

Another simple expression for the burning rate is again
inspired by the qualitative examination of possible inter-
action mechanisms, which shows that it is possible for a part
of the burning-rate variation to be in phase with the vari-
ation of concentration of the more volatile propellant, and
hence with the displacement itself. In this case, the coeffi-
cients of (9b) are real and those of (9a) are imaginary. The
resulting expression for Q' is still given by Eq. (12), with @
still provided by (12a), but & and 3 are given by the simple
expressions

® = m,/tw 3 = me/iw (12b)

[II. Solution for the Perturbations

The addition of velocity terms to the burning-rate per-
turbation expression makes separation of the variables, as
used in Ref. 3, impossible. Therefore, a different approach
is used. The solutions assumed to take the form of a series:
the pressure perturbation, for example is

pP=pot+m:t+pt... (13)

where p, is assumed to be O(@.py), P2 is O(%.2po), ete. Since
the governing equations were derived neglecting terms of
O(u,?), the solution has been carried only as far as the first
order correction p;. As discussed previously, it is assumed
that the combustion process produces an unperturbed velocity
in the combustion chamber, which is small compared to the
velocity of sound, and that the droplet drag (and hence the
droplet oscillation amplitude) is also small. Therefore,
the zeroth-order solution corresponds to acoustic oscillations,
and the first-order correction includes the effects of the com-
bustion process, the liquid-gas interaction, and the exhaust
nozzle.

The perturbation equations and the zeroth-order solution
are discussed in some detail in Ref. 1. The first-order solu-
tion is found by superposition. Let

pr = ps+ ps+ pc+ Pp (14)

where the partial solutions pa, ps, pe, and pp are solutions of
the following equations:

i
Aps — spa = —ys® ;i—g P, (n0,(0)  (15a)
da ,
ApB bl s2p3 =® —qf Poo d\I, 7 9,, (15b)
dz dr

tained from the zeroth-order solution. It is seen that the
pressure-sensitive combustion effects appear in p4 and that
radial and tangential velocity sensitivities enter into ps and
pe, respectively. The partial solution pp includes the effect
of the liquid droplet drag,.

The equation for pp can be integrated directly; however,
the solutions for pa, pg, and pe require expansion in series of
the transverse eigenfunctions. Thatis,

Pi= 3 3 AP ()0, (0) (162)
p=0¢g=1

ps = 3 3 BuPup(¥pu(),(6)  (16b)
p=0g¢g=1

Do = 303 CoPerl)¥pu(r)0,(6) (16¢)
p=0¢=1

The details of the solution method are found in Ref. 5. The
expression is found to be of the form

P’ = [Po@) + Puy(@) W0y (8)0,(0) + 37 30 Pra¥pe0, (17)

D.g == vy

where the indices v and 7 describe the mode of oscillation
under consideration.
The entropy perturbation is given by

1 dafv—1
f—;-£(~7—>po (18)

Thus the entropy perturbation is largest in the region where
the combustion is most intense. At the nozzle entrance,
where combustion is assumed complete, the entropy per-
turbation vanishes [to 0(i,) ].

It is now possible to examine the stability behavior of the
rocket motor by applying the chamber exit boundary condi-
tion, which is the nozzle admittance relation. The condi-
tions at the stability limits, which bound the regions of un-
stable operation, will be derived by setting the amplification
factor N equal to zero. Then the complex time parameter s is
purely imaginary, s = tw, where w is the frequency of oscilla-
tion.

The boundary condition imposed by the exhaust nozzle
upon the oscillatory flow in the rocket combustion chamber
was presented in Ref. 1 as

~yU.
Py

In this form, it is applicable to the case in which the com-
bustion process is sensitive only to pressure variations. How-
ever, because of the distortion of the wave pattern intro-
duced by the effects on the combustion process of the trans-
verse velocity fluctuations, it is necessary in here to apply
the admittance condition to each term in the eigenfunction
expansion. For all p,g (except p = », ¢ = 79), the nozzle
boundary condition is used to determine the constant that
results from the integration. Application of the remaining
boundary condition results in the characteristic equation for
the eigenvalue s or iw, since, as already stated, we are only
concerned with the stability limits where A = 0.
The characteristic equation takes the form
CW) Y + 1 h2

@+i<§ﬂ><ﬁ+—5=h= +- (20
Yo Yw ¥ h

¥V Te 8. -0 (19)

P,
+ @Fo + (BS,,.,, Po Po

~
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Fig. 5 Typical solution for the combustion parameters
n (v) and 7 ().

where

b = Vi — Y808 _]; * a(e)de (21a)

he = j:)ze kE'(@p1’' ()dz + iSynzk(ga - i) —

1 Syn22e? 1 . Ze N
8[;0 - "T (qo — ;) + zs,,,fo dzfo k(z)pL(z)dz]
(21b)

e= (w/Sm)a+iBisa combined nozzle admittance coef-

ficient, and the coefficients B,, and C,, = iC,, are real constants
that depend on the oscillation mode under consideration. _ B,
takes on both positive and negative values. However, C,, is
always positive for spinning modes and vanishes identically
for standing modes. In the expressions for A and h,, a re-
duced frequency ¢ = w/s,, has been introduced. For a
purely transverse mode, the reduced frequency ¢ takes on
values near unity.

As written in Eq. (20), the characteristic equation ex-
hibits the balance that exists at the stability limits. In
order for neutral oscillations to be maintained, the energy
supplied by the combustion process, related to the left side
of Eq. (20), must be completely absorbed by the fluid me-
chanical processes, which are related to the function % on the
right side of the characteristic equation. If more than

/ g S
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(a>0) w0 7
Stability / S
- limits ,
mlw) A=0} / //
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% 7 (w)
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Fig. 6 Stable and unstable regions on the n, r plane.
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sufficient energy is supplied, the oscillation amplitude will
grow. Such an oscillation is linearly unstable. Eventually,
nonlinear energy-absorbing processes will restore the energy
balance at some high level of amplitude. The importance
of the oscillation to the proper operation of the rocket motor
depends upon the amplitude level finally attained. How-
ever, it has been observed that nearly all transverse mode
instabilities grow to very high levels, causing rapid combus-
tion chamber destruction. Stable operation results in the
case that the energy release is insufficient to balance the
energy absorbed by the oscillation. The fact that the char-
acteristic equation is complex implies that there is a phase
condition, as well as the amplitude condition, relating the
oscillating rates of energy release and energy absorption for
neutral oscillations.

Assuming first that the pressure and velocity effects are
characterized by the same mean sensitive time lag 7, the
definitions of the burning-rate parameters are obtained from
(12a) as

® = n(l — e~7)
® = L(l — e™%7) (22)
3 = ly(l — e~ %)
The simplification of these expressions with respect to (12a)
can be justified® and corresponds to neglecting the spacewise

contributions to the burning-rate oscillation. Then the char-
acteristic equation takes the form

[1 + i(B—) L <D) Zﬁ} nl — =) = h(w) (23)
Yo/ n Yo/ n

This complex equation is equivalent to two real equations.
Therefore, for neutral oscillations of a given rocket motor,
the four combustion parameters n, 7, (I,/n), and ls/n are
not independent. If any three are known, then the fourth,
together with the oscillation frequency, can be determined
from Eq. (23). Because the frequency dependence of h(w)
is quite complicated, it is most convenient to regard the fre-
quency as one of the independent variables. In order that
the present investigation may be related more easily to previ-
ous studies of both longitudinal and transverse modes, the
two dependent variables will be taken to be the mean sensi-
tive time lag 7 and the pressure interaction index n. Thus,

n = nlw, (./n), (s/n)}
T = rlw, {./n), Ts/n)]

will be determined from the characteristic equation, which
can be written as

h
14 i(Bon/v0) (b/B) + (Crn/ve)Uo/m)
b=k 4+ ih: (24

Clearly, if only pressure effects are present, & = h.

At present, none of the combustion parameters can be
calculated a priori, although a method has been developed
for measuring n and 7 experimentally.* Since very little is
quantitatively known about the velocity parameters, their
effects will be shown by calculating » and 7 for assumed
values of the ratios I,/n and lg/n. The modifications intro-
duced by the assumed velocity effects will then be noted and
compared with the results of appropriate experiments.

A typieal solution for n(w) and 7(w) for assumed values
of I./n and ly/n is shown in Fig. 5. This solution applies
at the stability limits, where A = 0. It can be seen that,
for any given value of the time lag, only one value of the
pressure interaction index is consistent with neutral oscilla-
tions. For the same 7, a larger value of n corresponds to
instability (A > 0), a smaller value to stability (A < 0).
Thus the n, 7 plane is divided by the loci of A = 0 into stable
and unstable regions, as shown in Fig. 6.

n(l — "7y =
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A given rocket motor system at given operating condi-
tions is assumed to be characterized by a set of values of the
combustion parameters n, 7, I./n, and lg/n. If the point on
the n, 7 plane representing this motor falls within one of the
unstable regions (i.e., above the stability limit curve) cor-
responding to one of the transverse modes and to the appro-
priate values of [,/n and ls/n, then the operation of the rocket
will be unstable, and large amplitude oscillations can be ex-
pected to result. Therefore, any effect that increases the
size of the unstable areas on the n, 7 plane (e.g., by shifting
the stability limits to smaller » for all 7, or by flattening the
limit curves without changing n,,) is a destabilizing effect.

In order to clarify the discussion, the effects of tangential
and radial velocity fluctuations will be considered separately.
First, suppose that only pressure and tangential velocity
oscillations affect the combustion process rates (corresponding
to a tangentially oriented doublet injector pattern). For

real values of ly/n, the ratio 4/h is real-valued, and there is
no shift of the stability limit curve in the 7 direction. The
ratio of the minimum interaction index including tangential
velocity effects n,r to that for pressure effects alone,
N p, 1S

NmT _ ]"i 1

e B L4 (Con/v@)(le/n)

Therefore, since C,,/vw > 0, a positive value of the tangential
velocity index causes a downward shift of the stability limit
curve on the n, 7 plane by contracting the ordinates of the
limit points, which is a destabilizing trend. Figure 7a shows
the influence of the tangential velocity effect on the stability
limits for the first tangential spinning mode. For other
modes of oscillation, the effects will be qualitatively the same.
The magnitude of the velocity effect for a given lg/n value
depends on the ratio of the expansion coefficient (', to the
frequency @ = @s,4. This ratio is approximately equal to
Con/$m, values of which are given in Table 1 for several
modes. The second tangential mode is seen to be slightly
more influenced by the tangential velocity oscillations than
the other modes. It should be recalled that the expansion
coefficient C,, vanishes for a standing tangential mode, so
that there are no tangential velocity effects for such an
oscillation. 1

The velocity index lg is positive in the case that the burning
rate is increased by a positive velocity. For the tangential
velocity, the positive direction is not fixed with respect to
the rocket combustion chamber but is the direction in which
a spinning wave travels. Assuming that the injector is
characterized by a positive lp direction (determined by the
orientation of the injection pattern), the velocity effect of a
wave moving in the positive direction will augment the pres-
sure effect. However, for a wave moving in the other direc-
tion, the velocity effect will oppose that of the pressure.
It is apparent, therefore, that the preferred wave travel
direction with respect to the physical frame of reference is
the same as the positive Iy direction of the injector.

If the tangential velocity effects are, in reality, a result of a
tangential displacement sensibility, the value of ms is real
and, as (9¢) shows, Iy must be imaginary. In Fig. 7b the
results relative to the case ls/n = it are compared with those
of ls/n = 0 and 1, showing that the tangential displacement
effect, contrary to the tangential velocity effect, produces
larger changes in the value of 7 then in those of n. Also
shown in the figure is the case when both effects are simul-
taneously present, characterized by lo/n = 1 + 7.

Consider now the effect of the radial velocity coupled with

the pressure, i.e., I, # 0 but I, = 0. Since the ratio h/h is

(25)

11 However, this may not be true if ls changes periodically with
[

11 This value is independent of the frequency, which means
that me should depend on w, according to (9¢).
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Fig. 7a Theoretical tangential velocity effect on stability
limits, first tangential mode, uniformly distributed com-
bustion, chamber exit Mach number, u = 0.10.

3

%7

o 1.0 20 3.0
T

Fig. 7b Theoretical tangential velocity and displacement
sensitivity for the first tangential mode, I, = 0, same con-
ditions as in Fig. 7a.

complex, one can expect an influence on 7 as well as on n.
As shown in Fig. 8a, for a positive radial velocity index [,, the
limit curve is shifted in the direction of longer time lags. In
the cylindrical coordinate system, the positive radial direction
is from the center of the chamber toward the outer wall. If
a positive velocity increases the burning rate, [. is positive
and the stability limit curve is shifted toward longer 7 and
vice versa. However, it can be seen that the magnitude of
the radial velocity effect is much smaller than that of the
tangential velocity for equal velocity interaction indices.
Figure 8b shows the effects of radial displacement sensi-
tivity. This time, the main effect is a shift of n, whereas
it was a shift of 7 for the radial velocity effect. 1t is clear

that a positive radial displacement sensitivity (I,/n = —f1,
my/n = w) is stabilizing, and a negative sensitivity {,/n =
1, m,/n = —w) is destabilizing,.

In order to check to what extent this result depends on the
existence of a time lag, we consider now the case in which
instantaneous velocity effects are the only ones present.
That is, ® = 0 and ® and J are given by Egs. (12b). For
simplicity, it is assumed that k' = 0 (negligible droplet drag
effects). Equation (20) becomes

’_Biﬂ/ m — . CV"[

7
yo? Y w?

mg = h (26)

Consider first the case my = 0. It can easily be checked that
the deviation from the acoustic frequency is rather small,
and m, is given by

(Bm/otm. = v + 1 — (&/a,) 27
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Numerical examples show that generally the right side of
Eq. (27) is positive. Hence, since for tangential modes
B,, > 0, a positive value of m, is required to produce neutral
oscillations. A value larger than this critical value would re-~
sult in unstable behavior. Clearly, if pressure effects were
present too, we would find the same result obtained previ-
ously, namely, that a positive value of m, is destabilizing.
This result, which holds for both spinning and standing
tangential modes, shows the importance of designing the
injector so that the more volatile propellant is not system-
atically located at a smaller radius than the partner pro-
pellant. The opposite conclusion is reached for the first radial
mode, which has a negative B,,,.
Similarly, if m, = 0, one obtains

(%:)mg ~ 1 / s, [ adz (28)

Again, for positive C.y, as happens to be the case for spinning
modes, values of my in excess of a definite positive value pro-
duceinstability. For standing modes, (., vanishes identically
and no instability can result from this mechanism.

One must recall here that the foregoing results are obtained
for m,, I, and me, lp independent of r and 6, that is, for a uni-
form injector pattern. If my or Iy were made to change peri-
odically with 8, the conclusions concerning spinning and stand-
ing modes might be reversed. Similarly, if m, or I, is a func-
tion of r, the preceding conclusion concerning the radial
modes might be changed.

i
i\
3 + £
\ “ 7‘.5=0—
\ +5 -——
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Fig. 8a Theoretical radial velocity effect on stability
limits, first tangential mode, uniformly distributed com-
bustion; chamber exit Mach number, u, = 0.10.

[¢] 10 2.0 3.0
T
Fig. 8b Theoretical radial velocity and displacement
sensitivity for the first tangential mode, Iy = 0, same
conditions as in Fig. 8a.
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Observe also that, whereas a uniformly positive m, or I; can
be detected in many injector designs, a uniformly positive
mg or lg is generally not found (except in experimental condi-
tions where it is so designed) because of a tendency of de-
signers toward symmetric designs.

IV. Experimental Verification

From the linearized velocity sensitivity theory the result
is obtained that the tangential velocity effects are absent in
standing modes and present in spinning modes. The tangen-
tial velocity perturbation acts to shift the stability limits on
the n,7 plane to smaller values of the interaction index. The
effect of the radial velocity perturbation is to shift the sta-
bility limits to larger or smaller time lag values, depending
on the sign of the veloecity index. A positive velocity index
is associated with the tangential velocity effect. However,
the positive tangential direction is not defined in terms of
the combustion chamber geometry, as in the case of the radial
velocity. Rather, the positive tangential direction is defined
as the direction in which a spinning wave travels.

The sign of the velocity index depends on the characteristics
of the spray formed by the injector. According to the
physical model, a positive velocity index implies that the
burning rate is increased when the velocity perturbation is
in the positive direction. The symmetry of the fuel-on-
oxidizer impinging doublet injector is such that the radial
and tangential velocity effects can be separated, as discussed
previously. For the radial spud orientation (see Fig. 2),
the velocity effect, due solely to the radial velocity com-
ponent, cannot be calculated unless the sign of the velocity
index is known for a particular orifice arrangement. At the
present time, knowledge of the details of the combustion
process is insufficient to allow the prediction of the velocity
index sign. Therefore, one must resort to experimen-
tal means based on spinning mode tests with the tangen-
tial spud orientation. By observing the direction of wave
travel with respect to the injector spuds, it is possible to de-
termine the direction of the velocity perturbation that in-
creases the burning rate. From this information, the sign
of the radial velocity index for a given radial injector ar-
rangement can be found.§§

Several whole motor tests were made with the tangential
spud orientation using the injector of Fig. 2 and the experi-
mental apparatus deseribed in Ref. 1. Three pressure trans-
ducers were used to determine the direction or the wave
travel with respect to the injector spuds. It was found that
the wave crossed the injector orifices from the fuel side to the
oxidizer side. Somogyi and Feiler® determined that for an
unlike impinging doublet the mixture ratio gradient of the
spray was directly opposite to the whole arrangement. That
is, the side of the spray corresponding to the oxidizer orifice
was rich in fuel, and vice versa. Thus, the wave-travel
direction in the whole motor tests was from oxidizer rich to
fuel rich, in agreement with the mechanism suggested pre-
viously. These tests are discussed in more detail in Ref. 5.

The whole motor tangential orientation tests demonstrated
that for the injector used in this investigation the burning
rate is increased by a velocity perturbation in the direction
F — 0.99 A series of radial orientation angular stability
limit tests was then made in which the arrangement of the
injector was such that the direction O — F was positive
(outward). Therefore, a negative radial velocity was required
to increase the burning rate, that is, the radial velocity index
l. was negative. According to the velocity effect theory, as
previously discussed, for I, < O, the stability limits on the
n,r plane are shifted toward smaller 7. It has also been
shown that the theoretical instability zones are moved in the

§§ This conclusion is true if the value of ls is the same for all
parts of the injector, as assumed in this study.
79 With respect to the injector orifices, not the resultant spray.
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Fig. 9 Shift of stability limits due to radial velocity effects

in a 9-in.-diam sector motor with 8-in.-diam injection

circle operated at 150 psia chamber pressure (nominal
thrust 1000 1b, alcohol-oxygen).

direction of larger 7 as the sector angle is increased. Thus,
if the pressure interaction index and sensitive time lag are
to be independent of the orientation of the injector spuds,
the effect of the radial velocity must be counteracted by an
increase in the sector angle. That is, the stability limits for
the radial orientation should be at larger angles than those
of the tangential orientation (no velocity effects).

This prediction was borne out by the radial orientation
tests. Figure 9 shows the results for a typical configuration.
The lower limit of the first tangential mode varied between
approximately 90° and 120° over the range of mixture ratio,
whereas the tangential orientation lower limit fell between
60° and 90°. TFrom Fig. 9 it can be seen that off-design
operation with the radial orientation caused significant vari-
ation of the stability limits with mixture ratio, which may
be due to distortion of the recirculation pattern.

The decreased stability of the spinning type of tangential
modes due to tangential velocity effects was shown by a series
of tests which utilized both a 180° sector motor and a whole
(360°) motor with metal baffles. Such metal baffles were
found to be capable of producing the same stable operation
as the full 180° insert. It was also determined that stable
operation resulted with a baffle only £ in. long if the baffle was
placed against the injector face. When a space was left
between the injector and baffle, instability was observed, even
though a longer baffle was used. Thus, the tangential ve-
locity or tangential displacement effects, which cause the
spinning form to be much more unstable than the standing
form, are concentrated near the injector face in the early
combustion zone.

In order to investigate the tramsition from the stable
standing form of the tangential modes to the unstable spin-
ning form, a destructible baffle was used. It was made of
aluminum, 1 in. thick by 1 in. long, and was placed against
the injector face. Kxperiments showed that the aluminum
baffle remained essentially intact for the first second of opera-
tion, but disappeared quickly at that time. Thus, each
aluminum baffle test could show motor operation under both
stable and unstable conditions.

A comparison of the stability of the standing and spinning
modes using the tangential spud orientation is shown in Fig.
10. The first and second lines represent the whole-and half-
motor-tests, respectively, which were discussed previously.
The third and fourth lines present the results of the aluminum
baffle tests. It can be seen that the early portion of these
tests corresponds to the 180° sector tests and that as soon as
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Test conditions

pk._to pk_amplitude typ.

whole motor 33%0 ZJg 2630 3330

half motor %
{ sector motor)|

1
X
3
x

with baffle
(t<isecond})
Aluminum
baffle tests
without baffie |70 22 LN 200
(t >/second)

10 1.2 14 1.6 1.8
Mixture ratio

¥ 40psi pk-10-pk 20 z2

not reproducidle

Fig. 10 Tangential spud orientation baflle tests using a

6-in.-diam chamber with 5-in.-diam injection circle,

150 psia chamber pressure and nominal thrust at 500 1b,
aleohol-oxygen.

the constraint to the standing mode was removed the rocket
operation became unstable. In the transition period, a
smooth increase in amplitude from the combustion noise
level to that of the fully developed oscillation was observed.
Data from a later series of tests, in which two transducers
were used to determine the spin direction of this fully de-
veloped oscillation, are shown in Fig. 11.

Further, more extensive experiments, using a 7-in. injec-
tion diameter to minimize chamber wall effects, showed
that the direction of spin was dependent on mixture ratio.!?
In whole-motor tests, it was found that at low mixture ratios
the spin direction was opposite to that expected, whereas the
predicted spin direction was observed at the design mixture
ratio (1.4 in this case) and above. Similar results were
obtained in tests using destructible baffles. Based on these
results, it appeared that the locations of the regions of fuel-
and oxidizer-rich composition change with mixture ratio
because of variations in the impinging stream velocities.

T T

150]mi!lﬁisec+~~ 1 {
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Fig. 11 Linear instability buildup following baffle burn-

out as recorded on two pressure transducers mounted at

90° on the chamber wall using a 9-in. chamber diameter,

7-in. injection circle diameter, 150-psia chamber pressure
and a 1000-1b nominal thrust, alcohol oxygen.
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Fig. 12 Mixture ratio gradients across the spray fan of a
fuel-on-oxidizer impinging doublet spud, orifice diameter.
0.081 in.

In order to verify these suspected composition changes
with mixture ratio, a separate flow study was made on the
injector spuds. Using a Rupe-type sampling probe,® sim-
ulating the liquid oxygen density with an appropriate
sugar water solution, and substituting equivalent density
RP-1 for the water soluble alcohol, the data shown in Fig.
12 were obtained. The low mixture ratio operation of the
spud repeatedly indicated the presence of oxidizer-rich re-
gions on the side of the spray toward the oxidizer hole. This
contrasted with the reversed operation at design mixture
ratio and above, where the distribution followed the predie-
tions of Ref. 9.

Such behavior complicates experimental verification using
the fuel-oxidizer impinging doublet type of injection. There-

Shock puise guns

"
l"xal- Aluminum

destructible baffle
(optional)

radial spacing 9"Dia. chamber

shock
start pulse

3 } +
[ 5 / 1.5 2 25
Time, sec.

shutdown

Fig. 13 Chamber arrangement for investigating shock
pulse effects on stability limits including a typical run
time sequence.

oxidizer-rich zones in a fixed spatial relationship. Using two
like-on-like doublets per spud, with a predetermined spacing
between the resultant spray fans, as shown in Fig. 13, it
was possible to illustrate the preferential spin direction.
Besides the interfan spacing, a radial spacing was inherent
in the spud design because of manifolding requirements within
the spud. The effect of this radial spacing (0.15 in.) was
minimized by using 90° impinging streams so that a high
degree of overlap (viewed tangentially) existed between fuel
and oxidizer spray fans. Since this injection arrangement,
using 0.1-in. spaced fans and operating at 150 psia, was
basically stable, the destructible baffle (see Fig. 13) was nor-
mally not used. However, where a small zone of spinning
type instability did exist in the whole motor (as shown in
Fig. 14), the baflle was employed during the starting transient
to eliminate velocity effects.

The pulsing device used in these tests was the gunpowder,
precision burst-disk arrangement first used by Aerojet.!*
Thus, the ordinate in Figs. 14 and 15 is specified in grains of
pistol-powder and burst-disk pressure in thousands of
pounds. Although this will suffice for the discussions here,
nonlinear limits of instability must be related to the more
fundamental quantities such as pressure and velocity. Such
data are presented in Refs. 12 and 15.

The experimental program included tests in which the
pulse direction was from oxidizer to fuel (the predicted pref-
erential direction) and tests with pulses in the opposite
direction. Consider first the results of pulsing in the preferred
direction, oxidizer to fuel (denoted by O — F, where the bar
indicates that the oxidizer spray is closest to the chamber

Ox Legend
vel| x Stable
@ First tangential mode

:‘é
8 @ Spin direction
< % rion-r
& 2 208 k- to-Pk amplitude
8§ 45-20 20 &
S
8B
v5
£ 40 40 24058
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Fig. 15 Pulsed limits testing of an injection composed of
0.01-in. spacing, like-on-like spuds using a 9-in.-diam
injector, 7-in. injection circle diameter, 150-psia chamber
pressure and 1000-1b nominal thrust. Pulses directed

0—F (oxidizer outside).
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wall), shown in Fig. 15. Except for one extraordinary test
with the whole motor, all of the unstable tests with this ar-
rangement were found to be spinning in the O — F direction
(i.e., the same direction as the initial pulse).

Perhaps a better test for verifying the directional aspect
of the velocity effect is presented in the data shown in Fig.
14. Here the position of fuel and oxidizer spray fans has been
reversed. Therefore, the pulse direction (¥ — O) is opposite
to that theoretically preferred. However, the final spin di-
rection of the unstable combustion remains O — F. It is
interesting to observe the sequence of events which leads to
this result. Figure 16 shows the time history of a typical
pulsed test with this configuration. The imparted pulse
disturbance (F — 0) in this case persists less than 20 msec
and is followed by a brief period of standing mode instability.
The latter transforms to O — F spinning mode oscillations,
gradually building to maximum amplitude. Thus, the pref-
erence for the O — F direction is clearly shown.

It must be remembered, however, that even with only a
0.1-n, spacing, the like-on-like arrangement can only roughly
approximate the uniform change from fuel-rich to oxidizer-
rich composition assumed in the theory, With wider spacing,
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Table 1 Velocity effect coefficients for uniform injection,
full circular chamber

By C»y  (spinning
S 1 Syq mode)

0.19116 0.77402
0.18124 0.85258
—0.13320 0.00000
0.02884 0.22197

‘Mode v

First tangential
Second tangential
First radial

First combined

[y G
NN ===

this linear assumption could not be expected to apply, and
therefore a nonlinear formulation of the velocity displace-
ment effect is continuing at Princeton.’
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